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RUELLE’S INEQUALITY IN NEGATIVE CURVATURE
FELIPE RIQUELME
Abstract. In this paper we study different notions of entropy for measure-
preserving dynamical systems defined on noncompact spaces. We see that
some classical results for compact spaces remain partially valid in this setting.
We define a new kind of entropy for dynamical systems defined on noncompact
Riemannian manifolds, which satisfies similar properties to the classical ones.
As an application, we prove Ruelle’s inequality and Pesin’s entropy formula
for the geodesic flow in manifolds with pinched negative sectional curvature.
1. Introduction
1.1. Motivation and statements of main results. Ruelle’s inequality [17] is
an important result in ergodic theory for smooth dynamical systems relating two
fundamental concepts: measure-theoretic entropy and Lyapunov exponents. It pre-
cisely states that if f : M Ñ M is a C1-diffeomorphism of a compact Riemannian
manifold and µ is an f -invariant probability measure on M , then the measure-
theoretic entropy hµpfq is bounded from above by the sum of the positive Lyapunov
exponents, i.e.
(1) hµpfq ď
ż ÿ
λjpxqą0
λjpxqdimpEjpxqqdµpxq,
where tλjpxqu is the set of Lyapunov exponents at x P M and dimpEjpxqq is the
multiplicity of λjpxq.
Once inequality 1 is established, the question about the equality case, known as
Pesin’s entropy formula, arises naturally. For C1`α-diffeomorphisms F. Ledrappier
and L.-S. Young showed in [10] that an f -invariant probability measure verifies
Pesin’s entropy formula if and only if it is absolutely continuous along unstable
manifolds (see also [15], [9] and [6]).
Surprisingly, Ruelle’s inequality can fail to be true on noncompact manifolds.
To be more precise, in [16] we proved that there exist smooth dynamical systems
having (arbitrary) positive measure-theoretic entropy whereas there are no positive
Lyapunov exponents. This implies in particular that, even for smooth enough
dynamical systems, Ruelle’s inequality is not always verified when the manifold is
not compact. Therefore, it becomes an important question to investigate whether
or not this inequality is guaranteed in noncompact situations.
The aim of this paper is to prove that Ruelle’s inequality and Pesin’s entropy
formula are verified for the geodesic flow on manifolds with negative sectional cur-
vature. To be more precise, we show
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Theorem 1.1. Let X be a complete Riemannian manifold with dimension at least
2 and pinched negative sectional curvature. Assume that the derivatives of the sec-
tional curvature are uniformly bounded. Then, for every pgtq-invariant probability
measure µ on T 1X, we have
hµpgq ď
ż ÿ
λjpvqą0
λjpvqdimpEjpvqqdµpvq.
The proof of Theorem 1.1 is based in three key facts. First, the geometric
potential determines the sum of the positive Lyapunov exponents. Second, the
Lebesgue measure on T 1X verifies a Gibbs property for the geometric potential
(see Proposition 3.2). And third, the measure-theoretical entropy is bounded from
above by the exponential decay of the volume of dynamical balls on compact sets
(see Corollary 3.5).
As said before, we also treat the equality case on Ruelle’s inequality. No addi-
tional assumptions to those of Theorem 1.1 are needed.
Theorem 1.2. Let X be a complete Riemannian manifold with dimension at least
2 and pinched negative sectional curvature. Assume that the derivatives of the sec-
tional curvature are uniformly bounded. Let µ be a pgtq-invariant probability mea-
sure on T 1X. Then µ has absolutely continuous conditional measures on unstable
manifolds if and only if
hµpgq “
ż ÿ
λjpvqą0
λjpvqdimpEjpvqqdµpvq.
Finally, using tools of thermodynamical formalism (see last section), we can
improve Theorem 1.1 and Theorem 1.2 as follows
Corollary 1.3. Let X be a complete Riemannian manifold with dimension at least
2 and pinched negative sectional curvature. Assume that the derivatives of the
sectional curvature are uniformly bounded.
(i) If X has finite volume and ν denotes the normalized Lebesgue measure on
T 1X, then
hνpgq “
ż ÿ
λjpvqą0
λjpvqdimpEjpvqqdνpvq.
Moreover, any other pgtq-invariant probability measure µ on T 1X verifies
hµpgq ă
ż ÿ
λjpvqą0
λjpvqdimpEjpvqqdµpvq.
(ii) If X has infinite volume, then there is no pgtq-invariant probability measure
on T 1X verifying Pesin’s entropy formula.
1.2. Structure of the paper. In Section 2 we are devoted to study deeply the
concept of entropy for arbitrary topological dynamical systems. We are parti-
cularly interested in the interaction between classical notions of entropy such as
measure-theoretic entropy, local entropy and δ-entropies. For dynamical systems
defined on Riemannian manifolds we introduce a geometric notion of entropy, called
Riemannian local entropy, that roughly speaking measures the exponential decay
of the volume of dynamical balls. At the end of the section we prove that the
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measure-theoretic entropy is less than the Riemannian local entropy. In Section 3
we introduce Lyapunov exponents and some results on the dynamic of the geodesic
flow. We also prove theorems 1.1 and 1.2.
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like to thank Samuel Tapie for his inspiring remarks on some results of this paper,
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work, and the referee of an early version of this work for all the remarks realized.
2. Entropy
Let pX,B, µq be a probability space and consider a measurable transformation
T : X Ñ X preserving the measure µ. Recall that µ is said to be ergodic if every
T -invariant measurable set A Ă X verifies µpAq P t0, 1u.
2.1. Measure-theoretic entropy. Let P be a countable measurable partition of
X . The entropy of P with respect to µ, denoted by HµpPq, is defined as
HµpPq “ ´
ÿ
PPP
µpP q log µpP q.
For all n ě 0, define the partition Pn as the measurable partition consisting of all
possible intersections of elements of T´iP , for all i “ 0, ..., n´ 1. The entropy of T
with respect to the partition P is then defined as the limit
hµpT,Pq “ lim
nÑ8
1
n
HµpP
nq.
The measure-theoretic entropy of T , with respect to µ, is the supremum of the
entropies hµpT,Pq over all measurable finite partitions P of X , i.e.
hµpT q “ sup
P finite
hµpT,Pq.
2.2. Katok δ-entropies. Suppose from now on that pX, dq is a complete and
separable metric space, T : X Ñ X is a continuous transformation and µ is a Borel
T -invariant probability measure on X . For every n ě 1 the dynamical distance dn
is defined by
dnpx, yq “ max
0ďiďn´1
dpT ix, T iyq, for all x, y P X.
The pn, rq-dynamical ball centered at x, denoted by Bnpx, rq, is the ball centered
at x of radius r for the dynamical distance dn. Note that since T is continuous,
the pn, rq-dynamical balls are open subsets of X . Let B be a subset of X . A pn, rq-
covering of B is a covering of B by pn, rq-dynamical balls. A pn, rq-separated set in
B is a subset E of B such that for every x, y P E, if x ‰ y, then dnpx, yq ě r.
Definition 2.1. Let B Ă X be any set.
(i) The minimal cardinality of a pn, rq-covering of B is denoted by Npn, r, Bq,
and
(ii) the maximal cardinality of a pn, rq-separated set in B is denoted by Spn, r, Bq.
Remark 2.2. Note that Npn, r, Bq may be infinite. However, this is not the case
when B is a compact set.
4 F. RIQUELME
Lemma 2.3 below is classical (see for instance [18, page 169]). It states that if
K Ă X is compact, then both Npn, r,Kq and Spn, r,Kq are comparable.
Lemma 2.3. Let n ě 1 and r ą 0. Then for all compact subsets K Ă X, we have
Npn, r,Kq ď Spn, r,Kq ď Npn, r{2,Kq.
Recall that Bowen’s definition of topological entropy of a continuous transfor-
mation on a compact metric space is the following:
htoppT q “ lim
rÑ0
lim sup
nÑ8
1
n
logNpn, r,Xq
“ lim
rÑ0
lim sup
nÑ8
1
n
logSpn, r,Xq.
From the measure point of view, Katok proposed the following definition of
entropy in [5]. For every 0 ă δ ă 1, denote by Nµpn, r, δq the minimal cardinality
of a pn, rq-covering of a set of µ-measure greater than 1 ´ δ. Observe that this
number is finite since every compact subset of measure greater than 1´ δ admits a
finite pn, rq-covering.
Definition 2.4. Let 0 ă δ ă 1. The lower and upper δ-entropies relative to µ,
denoted respectively by hδµpT q and h
δ
µpT q, are defined as
hδµpT q “ lim
rÑ0
lim inf
nÑ8
1
n
logNµpn, r, δq
and
h
δ
µpT q “ lim
rÑ0
lim sup
nÑ8
1
n
logNµpn, r, δq.
Proposition 2.5. Let 0 ă δ2 ď δ1 ă 1, then
hδ1µ pT q ď h
δ2
µ pT q and h
δ1
µ pT q ď h
δ2
µ pT q.
Proof. We define Bi, for i “ 1, 2, by Bi “ tB : µpBq ą 1 ´ δiu. Since B2 Ă B1, we
obtain
hδ1µ pT q “ lim
rÑ0
lim inf
nÑ8
1
n
logmintNpn, r, Bq : B P B1u
ď lim
rÑ0
lim inf
nÑ8
1
n
logmintNpn, r, Bq : B P B2u
“ hδ2µ pT q
The other inequality can be proved similarly. 
When X is a compact metric space Katok proved that the lower and upper δ-
entropies are equal and coincide with the measure-theoretic entropy [5, Theorem
1.1]. In his proof the assumption of compactness for X is only used to show that
h
δ
µpT q ď hµpT q. The other inequality is only based on the fact that hµpT q can
be approximate by entropies hµpT,Pq, with respect to a partition P satisfying
µpBPq “ 0, where BP is the union of the boundaries of the elements of P1. So one
can conclude the following:
1The validity of this inequality in the noncompact case also has been remarked in [4] to compute
the topological entropy of the geodesic flow in the modular surface.
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Theorem 2.6 (Katok). Let X be a complete and separable metric space and let T :
X Ñ X be a continuous transformation. If µ is an ergodic T -invariant probability
measure, then for all 0 ă δ ă 1, we have
hµpT q ď h
δ
µpT q.
2.3. Local entropies of Brin-Katok. The aim of this subsection is to understand
some relations between previous notions of entropy and local entropy. The notion
of local entropy was introduced by Brin and Katok in [3].
Definition 2.7. The lower and upper local entropies of T relative to µ, denoted
respectively by hlocµ pT q and h
loc
µ pT q, are defined as
hlocµ pT q “ ess inf
xPX
lim
rÑ0
lim inf
nÑ8
´
1
n
logµpBnpx, rqq
and
h
loc
µ pT q “ ess sup
xPX
lim
rÑ0
lim sup
nÑ8
´
1
n
logµpBnpx, rqq.
Lemma 2.8. Let X be a complete and separable metric space and let T : X Ñ X
be a continuous transformation. If µ is an ergodic T -invariant probability measure
on X, then
hlocµ pT q “
ż
lim
rÑ0
lim inf
nÑ8
´
1
n
logµpBnpx, rqqdµpxq
and
h
loc
µ pT q “
ż
lim
rÑ0
lim sup
nÑ8
´
1
n
logµpBnpx, rqqdµpxq.
Proof. For the sake of simplicity, for each x P X we denote by hlocµ pT, xq the limit
lim
rÑ0
lim inf
nÑ8
´
1
n
logµpBnpx, rqq.
Since T pBn`1px, rqq Ă BnpTx, rq for every n ě 1, the T -invariance of µ implies
that
(2) hlocµ pT, Txq ď h
loc
µ pT, xq,
for every x P X . Define ηpxq as ηpxq “ infkě0 h
loc
µ pT, T
kxq. By definition η is a
T -invariant function, so it is µ-a.e. constant equal to some constant ηpµq. Note
that ηpµq is also equal to the essential infimum of hlocµ pT, xq. On the other hand,
inequality 2 implies that
ηpxq “ lim
nÑ8
1
n
n´1ÿ
k“0
hlocµ pT, T
kxq,
for every x P X . Using Birkhoff’s Ergodic Theorem, we conclude that
ηpµq “
ż
hlocµ pT, xqdµpxq,
which is exactly the first desired equality. The second equality follows from the
same strategy by considering the supremum instead of the infimum in every involved
term. 
6 F. RIQUELME
As in the case of δ-entropies, the lower and upper local entropies coincide and are
equal to the measure-theoretic entropy. This was proved in [3] for continuous trans-
formations defined on compact metric spaces. However, again only one inequality in
the proof requires the compactness assumption on X . Indeed, the other inequality
follows from from the fact that for ergodic probability measures and finite parti-
tions having boundaries with null measure, the inequality hµpT,Pq ď h
loc
µ pT, xq is
verified for almost every x P X . So, we obtain
Theorem 2.9 (Brin-Katok). Let X be a complete and separable metric space and
let T : X Ñ X be a continuous transformation. If µ is an ergodic T -invariant
probability measure on X, then
hµpT q ď h
loc
µ pT q.(3)
Following Ledrappier [8], we now prove that 3 is an equality for Lipschitz trans-
formations defined on (noncompact) Riemannian manifolds.
Theorem 2.10. Let T : M Ñ M be a Lipschitz transformation of a complete
Riemannian manifold and µ an ergodic T -invariant probability measure. Then
hµpT q “ h
loc
µ pT q.
Proof. As consequence of Theorem 2.9, we only need to prove that hµpT q ě h
loc
µ pT q.
This follows from Proposition 2.11 below.
Proposition 2.11 (Ledrappier [8], Proposition 6.3). Let T :M ÑM be a Lipschitz
transformation of a complete Riemannian manifold and µ an ergodic T -invariant
probability measure. Then, for every compact set K Ă M such that µpKq ą 0 and
all 0 ă r ă 1, there exists a partition pP of K with finite entropy such that, if
P “ pP Y tMzKu, then for µ-almost every x P K the sequence pnkqkě0 of return
times of x into K satisfies
P
nkpxq Ă Bnkpx, rq,
for all k ě 0.
Let P be as in Proposition 2.11. Using the ergodicity of µ, for µ-a.e. x PM there
exists an integer k ą 0 such that T´kx P K. We know from the construction of P
that the inclusion PnpT´kxq Ă BnpT
´kx, rq is satisfied for infinitely many integers
n. In particular, we deduce that Pn`kpxq Ă T kBnpT
´kx, rq is also satisfied for
infinitely many n’s. Therefore
lim sup
nÑ8
´
1
n
logµpPn`kpxqq ě lim inf
nÑ8
´
1
n
logµpT kBnpT
´kx, rqq
“ lim inf
nÑ8
´
1
n
logµpBnpT
´kx, rqq
ě lim inf
nÑ8
´
1
n
logµpBn´kpx, rqq.
Hence, using Shannon-McMillan-Breiman Theorem, we get for µ-a.e. x PM
lim
nÑ8
´
1
n
logµpPnpxqq ě lim inf
nÑ8
´
1
n
logµpBnpx, rqq.(4)
By Lemma 2.8 and Monotone Convergence Theorem, for every ε ą 0 there exists
r0 ą 0 such that for all 0 ă r ă r0, we haveż
lim inf
nÑ8
´
1
n
logµpBnpx, rqqdµpxq ě h
loc
µ pT q ´ ε.
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Using inequality 4 and once more Shannon-McMillan-Breiman Theorem, we obtain
hµpT q ě hµpT,Pq “
ż
lim
nÑ8
´
1
n
logµpPnpxqqdµpxq
ě
ż
lim inf
nÑ8
´
1
n
logµpBnpx, rqqdµpxq ě h
loc
µ pT q ´ ε.
Finally, the desired inequality follows when εÑ 0. 
In some cases, the study of the ergodic theory of a dynamical system is simpler
by restricting ourselves to the dynamic on compact subsets. In this direction, for
Lipschitz transformations we get to describe the measure-theoretic entropy as a
sort of “maximal local entropy on compact sets”.
Theorem 2.12. Let T :M ÑM be a Lipschitz transformation of a complete Rie-
mannian manifold and µ an ergodic T -invariant probability measure on M . Then
hµpT q “ sup
K
ess sup
xPK
lim
rÑ0
lim sup
nÑ8
TnxPK
´
1
n
log µpBnpx, rqq,
where the supremum is taken over all the compact subsets K of M having positive
µ-measure.
Proof. On the one hand, Theorem 2.9 says that
hµpT q ď h
loc
µ pT q,
and, on the other hand, by definition of local entropy, we have
(5) hlocµ pT q ď sup
K
ess sup
xPK
lim
rÑ0
lim sup
nÑ8
TnxPK
´
1
n
logµpBnpx, rqq.
We claim that the right-hand side of inequality 5 is less than hµpT q. Indeed, since
T is Lipschitz, Proposition 2.11 and Shannon-McMillan-Breiman Theorem imply
that, for every compact set K Ă M such that µpKq ą 0, and every 0 ă r ă 1, we
have
lim sup
nÑ8
TnxPK
´
1
n
logµpBnpx, rqq ď hµpT,Pq ď hµpT q,
for µ-a.e. x P K. Clearly this implies the desired inequality, which concludes the
proof of Theorem 2.12. 
Remark 2.13. Theorems 2.9 and 2.12 seem similar but are different in a key point.
Theorem 2.9 deals with the lower local entropy whereas Theorem 2.12 deals with the
upper local entropy.
To end this subsection, and for completeness of this whole section, we give a
relation between the upper δ-entropy and the upper local entropy in a general
setting.
Theorem 2.14. Let T : X Ñ X be a continuous transformation of a complete and
separable metric space pX, dq and µ an ergodic T -invariant probability measure.
Then for all 0 ă δ ă 1, we have
h
δ
µpT q ď h
loc
µ pT q.
8 F. RIQUELME
Proof. Fix ε ą 0 and 0 ă r ă 1. Define the set Xpε, r,mq Ă X , for m ě 1, by
Xpε, r,mq “
"
x P X : ´
1
n
logµpBnpx, r{2qq ď h
loc
µ pT q ` ε, for all n ě m
*
.
Note that µpXpε, r,mqq goes to 1 when m Ñ 8 and r Ñ 0. Take r ą 0 small
enough and m0 “ m0prq ą 0 large enough such that µpXpε, r,mqq ą 1´ δ for every
m ě m0. Let K Ă Xpε, r,m0q be a compact set such that µpKq ą 1 ´ δ. We are
going to find an upper bound of Spn, r,Kq (the maximal cardinality of a pn, rq-
separated subset of K), for every n ě m0. Let E be a maximal pn, rq-separated set
in K. Since pn, r{2q-balls centered at E are disjoint, we have
ÿ
xPE
µpBnpx, r{2qq “ µ
˜ď
xPE
Bnpx, r{2q
¸
ď 1.
As the pn, r{2q-balls with center inK satisfy µpBnpx, r{2qq ě exp
´
´n
´
h
loc
µ pT q ` ε
¯¯
,
it follows that
#E “ Spn, r,Kq ď exp
´
n
´
h
loc
m pT q ` ε
¯¯
.
Therefore, by Lemma 2.3, we get
lim sup
nÑ8
1
n
logNpn, r,Kq ď lim sup
nÑ8
1
n
logSpn, r,Kq
ď h
loc
µ pT q ` ε.
Hence, for every r ą 0 small enough we can find a compact K Ă X such that
µpKq ą 1´ δ and
lim sup
nÑ8
1
n
logNpn, r,Kq ď h
loc
µ pT q ` ε.
In particular,
h
δ
µpT q “ lim
rÑ0
lim sup
nÑ8
1
n
logNpn, r, δq
ď lim
rÑ0
lim sup
nÑ8
1
n
logNpn, r,Kq
ď h
loc
µ pT q ` ε.
Since ε ą 0 is arbitrary, the conclusion follows. 
2.4. A Riemannian local entropy for Riemannian manifolds. Our goal now
is to define a geometric entropy of a transformation with respect to an invariant
probability measure µ. We do this by measuring the Riemannian volume L of
µ-typical dynamical balls. Moreover, we want to be able to compare it with the
measure-theoretic entropy. It turns out that the essential supremum of the ex-
ponential decay for the Riemannian measure of µ-typical dynamical balls is the
“good” quantity to consider.
Definition 2.15. Let T : M Ñ M be a continuous transformation of a complete
Riemannian manifold, preserving an ergodic T -invariant probability measure µ. For
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every compact set K Ă M verifying µpKq ą 0, we define the local Riemannian
entropy of T relative to µ over K, denoted by hLµpT,Kq, as
hLµpT,Kq “ ess sup
xPK
lim
rÑ0
lim sup
nÑ8
TnxPK
´
1
n
logLpBnpx, rqq,
where the essential supremum is with respect to the measure µ. We define the local
Riemannian entropy of T relative to µ, denoted by hLµpT q, as
hLµpT q “ sup
K
hLµpT,Kq,
where the supremum is taken over all the compact subsets K of M having positive
measure with respect to µ.
The following theorem shows that the lower δ-entropy of Katok is bounded from
above by the local Riemannian entropy. We stress the fact that the measure µ only
appears in the definition of local Riemannian entropy when considering µ-typical
dynamical balls. For the best of our knowledge there are no related results in the
literature.
Theorem 2.16. Let T : M Ñ M be a continuous transformation of a complete
Riemannian manifold, preserving an ergodic T -invariant probability measure µ. If
K Ă M is a compact set of strictly positive µ-measure, then for all 1 ´ µpKq2 ă
δ ă 1, we have
hδµpT q ď h
L
µpT,Kq.
Proof. If hLµpT,Kq “ 8 there is nothing to prove. Suppose that h
L
µpT,Kq ă 8.
For ε ą 0, r ą 0 and m ě 1, we define the set Kε,r,m as
Kε,r “ tx P K : LpBnpx, rqq ě expp´nph
L
µpT,Kq ` εqq, for every n ě m
such that T nx P Ku.
Note that the measure µpKε,r,mq goes to µpKq when m Ñ 8 and r Ñ 0. For
all 0 ă η ă µpKq{2 there exist r ą 0 and m0 ě 1 (depending on r) such that
µpKε,r,m0q ą µpKq ´ η{2. Let K0 Ă Kε,r,m0 be a compact set with measure
µpK0q ą µpKq ´ η. We are going to estimate the cardinality of a minimal pn, rq-
covering of K0 for n ě m0. The problem is that in general, if x, x
1 P K are different,
the first time of return in K is also different for these two points. The ergodicity
assumption for the dynamical system will help us to erase this problem.
Birkhoff’s Ergodic Theorem implies that 1
n
řn´1
i“0 µpK0 X T
´iK0q converge to
µpK0q
2. In particular, there is a sequence pφpnqqn strictly increasing of integers
such that µpK0 X T
´φpnqK0q converge to LpK0q ě µpK0q
2. Let 0 ă λ ă LpK0q{2.
Then, there is an integer n0 ě 1 such that µpK0 X T
´φpnqK0q ą LpK0q ´ λ for all
n ě n0. Let δpK0, λq “ 1 ´ pµpK0q
2 ´ λq and set Kφpnq “ K0 X T
´φpnqK0. The
µ-measure of Kφpnq satisfies, for all n ě n0
µpKφpnqq ą LpK0q ´ λ ě µpK0q
2 ´ λ “ 1´ δpK0, λq.
10 F. RIQUELME
Let E be a maximal set pφpnq, rq-separated in Kφpnq, for n ě maxtm0, n0u. If
VrpKq denotes the open r-neighbourhood of K, then
LpVrpKqq ě L
˜ď
xPE
Bφpnqpx, r{2q
¸
ě
ÿ
xPE
LpBφpnqpx, r{2qq
ě #E expp´nphLµpT,Kq ` εqq.
Therefore, the cardinality of E is bounded from above by
#E ď LpVrpKqq exppnph
L
µpT,Kq ` εqq.
Hence, using Lemma 2.3 and the estimation from above of the cardinality of a
maximal set pφpnq, rq-separated in Kφpnq, we get
lim inf
nÑ8
1
n
logNpn, r, δpK0, λqq ď lim inf
nÑ8
1
φpnq
logNpφpnq, r, δpK0, λqq
ď lim inf
nÑ8
1
φpnq
logNpφpnq, r,Kφpnqq
ď lim inf
nÑ8
1
φpnq
logSpφpnq, r,Kφpnqq
ď hLµpT,Kq ` ε.
In particular, we have shown that for every r ą 0 small enough and every n large
enough (depending on r), there exists a compact setKφpnq of µ-measure µpKφpnqq ě
δpK0, λq. Therefore, the sequence of inequalities above implies that
hδpK0,λqµ pT q “ lim
rÑ0
lim inf
nÑ8
1
n
logNpn, r, δpK0, λqq
ď hLµpT,Kq ` ε.
Since λ ą 0 is arbitrary and from Proposition 2.5, we have hδµpT q ď h
L
µpT,Kq ` ε
for all 1´µpK0q
2 ă δ ă 1. Since η ą 0 is arbitrary, we have hδµpT q ď h
L
µpT,Kq` ε,
for all 1 ´ µpKq2 ă δ ă 1. Since ε ą 0 is arbitrary, the conclusion of the theorem
follows. 
A direct consequence of Theorem 2.16, by choosing a sequence of compact sets
pKnqn such that µpKnq Ñ 1 when nÑ 1, is the following corollary.
Corollary 2.17. Let T : M Ñ M be a continuous transformation of a com-
plete Riemannian manifold, preserving an ergodic T -invariant probability measure
µ. Then, for all 0 ă δ ă 1, we have
hδµpT q ď h
L
µpT q.
By Theorem 2.6 we know that the measure-theoretic entropy is less than every
δ-entropy. This fact together with Corollary 2.17 imply
Corollary 2.18. Let T : M Ñ M be a continuous transformation of a com-
plete Riemannian manifold, preserving an ergodic T -invariant probability measure
µ. Then
hµpfq ď h
L
µpT q.
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We have considered the Riemannian measure in the definition of local Riemann-
ian entropy because we can always ensure that it gives positive measure to µ-typical
dynamical balls, regardless of the measure µ. However, we might also have consid-
ered the measure µ as in the case of local entropies, and nothing in the proof of
Corollary 2.17 changes. Hence, for all 0 ă δ ă 1, we have
hδµpT q ď sup
K
ess sup
xPK
lim
rÑ0
lim sup
nÑ8
TnxPK
´
1
n
log µpBnpx, rqq.
Theorem 2.19. Let T : M Ñ M be a Lipschitz transformation of a complete
Riemannian manifold and µ an ergodic T -invariant probability measure. Then, for
all 0 ă δ ă 1, we have
hµpT q “ h
δ
µpT q.
Proof. On the one hand, Theorem 2.6 implies that hµpT q ď h
δ
µpT q. On the other
hand, by last inequality in the proof of Theorem 2.12, we conclude that hδµpT q ď
hµpT q. 
We now can now summarize theorems 2.10, 2.12 and 2.19 in one single statement.
Corollary 2.20. Let T : M Ñ M be a Lipschitz transformation of a complete
Riemannian manifold and µ an ergodic T -invariant probability measure. Then
hµpT q “ h
δ
µpT q “ h
loc
µ pT q “ sup
K
ess sup
xPK
lim
rÑ0
lim sup
nÑ8
TnxPK
´
1
n
logµpBnpx, rqq.
3. Geodesic flow and Lyapunov exponents
3.1. Basic concepts. Let X be a complete Riemannian manifold with dimension
at least 2 and pinched negative sectional curvature (that is ´b2 ď κ ď ´a2 ă 0,
where 0 ă a ă b). Let T 1X be its unit tangent bundle. Recall that the Liouville
measure L on T 1X is the Riemannian volume of the Sasaki metric on T 1X . It
is invariant under the action of the geodesic flow pgtq on T 1X . Let v P T 1X
and t P R. Denote by Esupvq the tangent space at v of the corresponding strong
unstable manifold2. Denote by Jsupv, tq the Jacobian of the linear map dvg
t|Esupvq.
The geometric potential F su : T 1X Ñ R is then defined by
F supvq “ ´
d
dt
ˇˇˇˇ
t“0
log Jsupv, tq.
Theorem 3.1 (Paulin-Pollicott-Schapira [14], Theorem 7.1). Let X be a complete
Riemannian manifold with dimension at least 2 and pinched negative sectional
curvature. Assume that the derivatives of the sectional curvature are uniformly
bounded. Then F su is Ho¨lder-continuous and bounded.
For v P T 1X , let } ¨ }v denote the Riemannian norm on TvT
1X . The vector v
is said to be (Lyapunov-Perron) regular if there exist numbers tλipvqu
lpvq
i“1 , called
Lyapunov exponents, and a decomposition of the tangent space at v into TvT
1X “Àlpvq
i“1 Eipvq such that for every tangent vector w P Eipvqzt0u, we have
lim
nÑ˘8
1
n
log }dvg
npwq}gnv “ λipvq,
2We refer to [1] for proper definitions of the objects involved in this section and to [14] for
details in the noncompact setting.
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and
lim
nÑ˘8
1
n
log | detpdvg
nq| “
lpvqÿ
i“1
λipvqdimpEipvqq.
Let Λ be the set of regular vectors. By Oseledec’s Theorem (see [12], [7]) and
comparison theorems in Riemannian geometry, if µ is any g-invariant probability
measure on T 1X (where g “ g1 is the time-one map of the geodesic flow), then the
set Λ has full µ-measure. Moreover, the functions v ÞÑ λjpvq and v ÞÑ dimpEjpvqq
are µ-measurable and g-invariant. In particular, if µ is ergodic, they are µ-a.e.
constant. In that case, we denote by tλju
l
j“1 the set of Lyapunov exponents.
Let v P Λ. Note that by hyperbolicity, we get
Esupvq “
à
λjpvqą0
Ejpvq.
Consider now the function χ` : T 1X Ñ R defined as
χ`pvq “
ÿ
λjpvqą0
λjpvqdimpEjpvqq
if v P Λ and χ`pvq “ 0 otherwise. If µ is an ergodic g-invariant probability measure
on T 1X , we denote by χ`pµq (or simply χ` when there is no ambiguity) the essential
value of the function χ`pvq with respect to µ.
The potential F su is intimately related to the Lyapunov exponents. Indeed,
using the notation above, if µ is a pgtq-invariant probability measure on T 1X , then
lim
nÑ`8
1
n
ż n
0
F supgtvqdt “ ´ lim
nÑ`8
1
n
log Jsupv, nq “ ´χ`pvq, µ´ a.e.
The key fact that will allow us to prove Ruelle’s inequality for the geodesic
flow is the Gibbs property of the Liouville measure for the potential F su (see [14,
Proposition 7.9]). Recall that a pgtq-invariant measure m on T 1X satisfies the
Gibbs property for the potential F : T 1X Ñ R with constant cpF q if and only if
for every compact subset K of T 1X , for every r ą 0, there exists C “ CpK, rq ě 1,
such that for every T ě 0, for every v P K X g´TK, we have
C´1 ď
mpBT pv, rqq
expp
şT
0
pF pgtvq ´ cpF qqdtq
ď C.
Proposition 3.2 (Paulin-Pollicott-Schapira [14], Proposition 7.9). Let X be a com-
plete Riemannian manifold with dimension at least 2 and pinched negative sectional
curvature. Assume that the derivatives of the sectional curvature are uniformly
bounded. Then the Liouville measure on T 1X satisfies the Gibbs property for the
potential F su and the constant cpF suq “ 0.
Note that the assumption on the derivatives of the sectional curvature is crucial.
It implies in particular that the strong unstable and strong stable distributions
are Ho¨lder-continuous (see for instance [14, Theorem 7.3]), and therefore that L
locally decomposes into a product of Lebesgue measures along unstable and stable
manifolds (see [14, Theorem 7.6]). This last fact is the cornerstone in order to
estimate the Liouville measure of a dynamical ball.
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3.2. Ruelle’s inequality and Pesin’s formula. Let X be a complete Riemann-
ian manifold satisfying the assumptions of Theorem 1.1. By simplicity we will
always consider in the proofs an ergodic pgtq-invariant probability measure µ. The
proofs of the theorems in the non-ergodic case are consequence of the ergodic de-
composition of such a measure. We can also assume that g “ g1 is an ergodic
transformation with respect to µ. If it is not the case, then we can choose an er-
godic time τ for µ (see [11, Theorem 3.2]) and prove Theorem 1.1 and Theorem 1.2
for the map gτ . The validity of Theorem 1.1 and Theorem 1.2 for gτ implies the
validity of both theorems for g since hµpg
τ q “ τhµpgq and the Lyapunov exponents
of gτ are τ -multiples of the Lyapunov exponents for g.
Proof of Theorem 1.1. Let K Ă T 1X be a compact set of measure 0 ă µpKq ă 1.
Since F su is µ-integrable, Proposition 3.2 implies
hLµpg,Kq “ ess sup
vPK
lim
rÑ0
lim sup
nÑ8
gnvPK
´
1
n
logLpBnpv, rqq
ď ess sup
vPK
lim
rÑ0
lim sup
nÑ8
gnvPK
´
1
n
log
ˆ
C´1 exp
ˆż n
0
F supgtvqdt
˙˙
“ ´
ż
F sudµ
“ χ`pµq.
Last equality is a consequence of Birkhoff’s Ergodic Theorem. Thus, hLµpgq ď χ
`
and Corollary 3.5 implies directly that
hµpgq ď χ
`.

The proof of Theorem 1.2 is similar to those in [9], [6] and [10]. We only need to
corroborate that all technical hypotheses hold, for instance the Ho¨lder regularity
of strong unstable and strong stable distributions. As said before, these technical
hypotheses are consequence of the assumption on the derivatives of the sectional
curvature. In [13] the authors use the regularity of the strong unstable foliation to
prove the existence of nice measurable partitions. They follow the ideas in [9] and
[6] adapted to the geodesic flow in negative curvature. We stress that in [13] the
authors use the Ho¨lder regularity of strong unstable and strong stable foliations
omitting the hypothesis on the derivatives of the sectional curvatures, even if it is
necessary to ensure such regularity (we refer to [2] where the authors construct a
finite volume Riemannian surface with pinched negative sectional curvatures whose
strong stable foliation is not Ho¨lder-continuous).
Recall that a measurable partition ξ of T 1X is subordinate to the W su-foliation
if for µ-a.e. v P T 1X , we have
(i) the atom ξpvq is contained in W supvq, and
(ii) the atom ξpvq contains a neighborhood of v, open for the submanifold
topology on W supvq.
Let volv be the volume on W
supvq induced by the Sasaki metric on T 1X restricted
to the strong unstable manifold W supvq. The measure µ has absolutely continu-
ous conditional measures on unstable manifolds if for every µ-measurable partition
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ξ subordinate to W su, the conditional measure µξpvq of µ on ξpvq is absolutely
continuous with respect to volv.
Proposition 3.3. Let X be a complete Riemannian manifold with dimension at
least 2 and pinched negative sectional curvature. Assume that the derivatives of
the sectional curvature are uniformly bounded. Let µ an ergodic pgtq-invariant
probability measure and suppose that g “ g1 is ergodic. Then, there exists a µ-
measurable partition ξ of T 1X, such that
(1) the partition ξ is decreasing, i.e. pg´1ξqpvq Ă ξpvq for µ-a.e. v P T 1X,
(2) the partition
Ž
ně0 g
´nξ is the partition into points,
(3) the partition ξ is subordinate to the W su-foliation,
(4) for µ-a.e. v, we have
Ť
nPZ g
nξpg´nvq “W supvq,
(5) for all measurable sets B Ă T 1X, the map
ψBpvq “ volvpξpvq XBq
is measurable and µ-a.e. finite,
(6) for µ-a.e. v P T 1X, if w,w1 P ξpvq, then the infinite product
∆pw,w1q “
8ź
n“0
Jsupg´nw, 1q
Jsupg´nw1, 1q
converges, and
(7) there exist constants C ą 0 and 0 ă α ă 1 such that, if w P ξpvq, then
| log∆pv, wq| ď Cpdpv, wqqα.
Proof. The existence of µ-measurable partitions satisfying p1q ´ p4q is proved in
[13]. Properties p5q ´ p7q are consequence of the regularity of the strong unstable
distribution and the regularity of Jsu, following the same proof of [6, Proposition
3.1]. 
The class of µ-measurable partitions satisfying p1q´p4q contains somehow all the
complexity of the dynamics of the geodesic flow in the sense that every partition
in this class maximises the measure-theoretic entropy. This result is proved in [13]
following the ideas in [6] and [10].
Proposition 3.4 (Ledrappier-Young/Otal-Peigne´). Let X be a complete Riemann-
ian manifold with dimension at least 2 and pinched negative sectional curvature.
Assume that the derivatives of the sectional curvature are uniformly bounded. Let
µ be an ergodic pgtq-invariant probability measure and suppose that g “ g1 is er-
godic. If ξ is a partition as in Proposition 3.3, then
hµpgq “ hµpg, ξq,
where
hµpg, ξq :“ Hµpg
´1ξ|ξq “ ´
ż
logµξpvqppg
´1ξqpvqqdµpvq.
Proof of Theorem 1.2. We remark that the computation of the entropy appears in
[9], but as this fact is not stated explicitly, we give the general idea behind. Suppose
that µ has absolutely continuous conditional measures on unstable manifolds. Let
ξ be a µ-measurable partition as in Proposition 3.3. We only have to prove that
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hµpg, ξq “ χ
`. This is equivalent to show that Hµpg
´1ξ|ξq “
ş
log Jsupv, 1qdµpvq.
Define the measure ν on T 1X by
νpBq “
ż
volwpξpwq XBqdµpwq,
for every measurable subset B of T 1X . Property (5) in Proposition 3.3 implies that
ν is σ-finite. Since µξpvq is absolutely continuous with respect to volv, the measure
µ is absolutely continuous with respect to ν. Moreover, the Radon-Nikodym de-
rivative κ “ dµ{dν coincide with dµξpvq{dvolv, volv-almost everywhere on ξpvq, for
µ-almost every v P T 1X (see [9, Proposition 4.1]). Thus,
´ logµξpvqppg
´1ξqpvqq “ ´ log
ż
pg´1ξqpvq
κpwqdvolvpwq.
Using Change of Variables Theorem, it followsż
pg´1ξqpvq
κpwqdvolvpwq “
ż
ξpgvq
κpg´1wq
1
Jsupg´1w, 1q
dvolgvpwq.
From [9, Proposition 4.2], the application Lpwq “ κpwq
κpg´1wqJ
supg´1w, 1q is constant
on the atoms of the partition ξ. Therefore,ż
ξpgvq
κpg´1wq
1
Jsupg´1w, 1q
dvolgvpwq “
ż
ξpgvq
κpwq
Lpwq
dvolgvpwq
“
1
Lpgvq
ż
ξpgvq
κpwqdvolgvpwq
“
1
Lpgvq
ż
ξpgvq
dµξpgvqpwq
“
1
Lpgvq
.
Putting all together, we have shown that
(6) ´ logµξpvqppg
´1ξqpvqq “ log Jsupv, 1q ` log
κpgvq
κpvq
.
Since the left hand side in 6 is non-negative and log Jsupv, 1q is µ-integrable, it
follows that the negative part of log κpgvq
κpvq is µ-integrable. In particular, its µ-
integral is equal to zero (see [9, Proposition 2.2]), thus
hµpgq “ ´
ż
logµξpvqppg
´1ξqpvqqdµpvq “
ż
log Jsupv, 1qdµpvq “ χ`.
The converse statement is just the conclusion of [6, Theorem 3.4] under the
hypothesis obtained in Proposition 3.4, for a µ-measurable partition ξ as in Propo-
sition 3.3. 
3.3. Further comments. We discuss now some consequences of Theorem 1.1 in
thermodynamic formalism. The topological pressure of pgtq for a potential F :
T 1X Ñ R, denoted by PgpF q (or simply P pF q), is defined as
P pF q “ sup
µ
P pF, µq,
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where P pF, µq “ hµpgq`
ş
T 1X
Fdµ and µ is an pgtq-invariant probability measure on
T 1X . A pgtq-invariant probability measure m on T 1X is said to be an equilibrium
state for F , if
P pF q “ P pF,mq.
In [14] the authors construct a Gibbs measure for every bounded Ho¨lder-continuous
potential F , with constant cpF q equal to the topological pressure P pF q. We remark
that if a Gibbs measure is finite, its normalization is the unique equilibrium state for
the potential, and if infinite, there is no equilibrium state for F (see [14, Theorem
6.1]). Note that, as a consequence of Theorem 3.1, there exists a Gibbs measure
for F su under the hypotheses of Theorem 1.1, which is denoted by mF su .
Observe now that, in terms of thermodynamical formalism, Ruelle’s inequality
can be stated as
Corollary 3.5. Let X be a complete Riemannian manifold with dimension at least
2 and pinched negative sectional curvature. Assume that the derivatives of the sec-
tional curvature are uniformly bounded. Then, for every pgtq-invariant probability
measure µ on T 1X, we have
(7) P pF su, µq ď 0.
In particular, we can remove inequality 7 as a redundant assumption in [14,
Theorem 7.2] and obtain Corollary 3.6 below. Recall that the geodesic flow is
conservative with respect to a finite or infinite measurem on T 1X if every wandering
set has m-measure zero.
Corollary 3.6. Let X be a complete Riemannian manifold with dimension at least
2 and pinched negative sectional curvature. Assume that the derivatives of the sec-
tional curvature are uniformly bounded. If the geodesic flow on T 1X is conservative
with respect to the Liouville measure L, then L is proportional to the Gibbs mea-
sure mF su associated to the geometric potential F
su. Furthermore, the topological
pressure P pF suq is equal to zero.
As a direct consequence, we also have
Corollary 3.7. Let X be a complete Riemannian manifold with dimension at least
2 and pinched negative sectional curvature. Assume that the derivatives of the
sectional curvature are uniformly bounded. If X has finite volume, then
mF su
mF supT 1Xq
“
L
LpT 1Xq
.
Finally, we remark that Corollary 1.3 follows directly from all the statements in
this last subsection.
References
[1] W. Ballmann, Lectures on spaces of nonpositive curvature (With an appendix by Misha
Brin), DMV Seminar, Birkha¨user Verlag, Basel, 1995.
[2] W. Ballmann, M. Brin, K. Burns, On the differentiability of horocycles and horocycle folia-
tions, J. Differential Geom., 26 (1987), 337–347.
[3] M. Brin, A. Katok, On local entropy, Geometric dynamics (Rio de Janeiro, 1981), Lecture
Notes in Math., 1007, (1983), 30–38.
[4] B. Gurevich, S. Katok, Arithmetic coding and entropy for the positive geodesic flow on the
modular surface, Mosc. Math. J., 1 (2001), 569–582.
RUELLE’S INEQUALITY IN NEGATIVE CURVATURE 17
[5] A. Katok, Lyapunov exponents, entropy and periodic orbits for diffeomorphisms, Inst. Hautes
E´tudes Sci. Publ. Math., 51 (1980), 137–173.
[6] F. Ledrappier, Proprie´te´s ergodiques des mesures de Sina¨ı, Inst. Hautes E´tudes Sci. Publ.
Math., 59 (1984), 163–188.
[7] F. Ledrappier, Quelques proprie´te´s des exposants caracte´ristiques, E´cole d’e´te´ de probabilite´s
de Saint-Flour, XII—1982, Springer-Berlin, 1097, (1984), 305–396.
[8] F. Ledrappier, Entropie et principe variationnel pour le flot ge´ode´sique en courbure ne´gative
pince´e, Ge´ome´trie ergodique, Monogr. Enseign. Math., 43, (2013), 117–144.
[9] F. Ledrappier, J.-M. Strelcyn, A proof of the estimation from below in Pesin’s entropy for-
mula, Ergodic Theory Dynam. Systems, 2 (1982), 203–219.
[10] F. Ledrappier, L.-S. Young, The metric entropy of diffeomorphisms. I. Characterization of
measures satisfying Pesin’s entropy formula, Ann. of Math. (2), 122 (1985), 509–539.
[11] V. Losert, K. Schmidt, A class of probability measures on groups arising from some problems
in ergodic theory, Probability measures on groups (Proc. Fifth Conf., Oberwolfach, 1978),
Springer-Berlin, 706, (1979), 220–238.
[12] V.I. Oseledec, A multiplicative ergodic theorem. Characteristic Ljapunov, exponents of dy-
namical systems, Trudy Moskov. Mat. Obsˇcˇ., 19 (1968), 179–210.
[13] J.-P. Otal, M. Peigne´, Principe variationnel et groupes kleiniens, Duke Math. J., 125 (2004),
15–44.
[14] F. Paulin, M. Pollicott, B. Schapira, Equilibrium states in negative curvature, Aste´risque,
373, (2015), viii+281.
[15] J. Pesin, Characteristic Ljapunov exponents, and smooth ergodic theory, Uspehi Mat. Nauk,
32 (1977), 55–112.
[16] F. Riquelme, Counterexamples to Ruelle’s inequality in the noncompact case, Annales de
l’institut Fourier, 67 (2017), 23–41.
[17] D. Ruelle, An inequality for the entropy of differentiable maps, Bol. Soc. Brasil. Mat., 9
(1978), 83–87.
[18] P. Walters, An introduction to ergodic theory, Graduate Texts in Mathematics, Springer-
Verlag, New York-Berlin, 1982.
IMA, Pontificia Universidad Cato´lica de Valpara´ıso, Blanco Viel 596, Cerro Baro´n,
Valpara´ıso, Chile.
E-mail address: friquelme.math@gmail.com
